On the slit tangent manifold T
1 Introduction and preliminaries
Introduction
The Finsler manifolds are interesting models for some physical phenomena, so their properties are useful to be investigate [3, 6, 14] . On the other hand in the paper [5] Bejancu and Farran have initiated a study of interrelations between the geometry of foliations on the tangent manifold of a Finsler space and the geometry of the Finsler space itself. The main idea of their paper is to emphasize the importance of some foliations which exist on the tangent bundle of a Finsler space (M, F ), in studying the differential geometry of (M, F ) itself. In this direction, in the last decades, the geometrical aspects determined by these foliations on the tangent manifold of a Finsler space were studied [2] , [8] , [12] , [15] . The foliated manifolds, and some couple of foliations, one of them being a subfoliation of the other, are also studied, related sometimes with cohomological theories, [9] , [10] , [11] , [16] . Our present work intends to develop the study of the Finsler spaces and the foliated structures on the tangent manifold of such a space.
The paper is organized as follows: In the preliminary subsection we recall some basic facts on Finsler spaces and we present some natural foliations on the tangent manifold T M 0 of a Finsler space (M, F ), according to [4] , [5] . In the second section, using the vertical Liouville vector field Γ and the natural almost complex structure J on T M 0 we give an adapted basis in T (T M 0 ). In the last section are given the main results of the paper. There is identified a (n, 2n−1)-codimensional subfoliation (F V , F Γ ) on the tangent manifold T M 0 of a Finsler space (M, F ), where F V and F Γ are the vertical foliation and the line foliation spanned by Γ, respectively. Firstly we make a general approach about basic connections on the normal bundles related to this subfoliation and next a triple of adapted basic connections with respect to this subfoliation is constructed. The methods used here are similarly and closely related to those used in [9] for the general study of (q 1 , q 2 )-subfoliations.
Preliminaries and notations
Let (M, F ) be a n-dimensional Finsler manifold with (x i , y i ), i = 1, . . . , n the local coordinates on T M (for necessary definitions see for instance [1, 3, 14] ).
The vertical bundle V (T M 0 ) of T M 0 = T M − {zero section} is the tangent (structural) bundle to vertical foliation F V determined by the fibers of π : T M → M and characterized by x k = const. on the leaves. Also, we locally have
A canonical transversal (also called horizontal) distribution to V (T M 0 ) is constructed by Bejancu and Farran in [4] pag. 225 or [5] as follows:
Let (g ji (x, y)) i×j be the inverse matrix of (g ij (x, y)) i×j , where
and F is the fundamental function of the Finsler space. If consider the local functions
then, there exists on T M 0 a n-distribution H(T M 0 ) locally spanned by the vector fields
The local basis
. . , n is called adapted to vertical foliation F V and we have the decomposition
If we consider the dual adapted bases {dx i , δy i = dy i + G i j dx j }, then the Riemannian metric G on T M 0 given by the Sasaki lift of the fundamental metric tensor g ij from (1.1) satisfies
We also notice that there is a natural almost complex structure on T M 0 which is compatible with G and locally defined by
According to [6, 14] we have that (T M 0 , G, J) is an almost Kählerian manifold with the almost Kähler form given by
It is easy to see that locally we have
Now, let us consider Γ = y i ∂ ∂y i the vertical Liouville vector field (or radial vertical vector field) which is globally defined on T M 0 . We also consider L Γ = span {Γ} the line distribution spanned by Γ on T M 0 and the following complementary orthogonal distributions to
In [5] it is proved that both distributions L ′ Γ and L ⊥ Γ are integrable and we also have the decomposition
Γ and the following result: 
(1.11)
iii) The foliation F ′ Γ is a subfoliation of the vertical foliation F V .
An adapted basis in
In this section, using the vertical Liouville vector field Γ and the natural almost complex structure J on T M 0 , we give an adapted basis in T (T M 0 ). There are some useful facts which follow from the homogeneity condition of the fundamental function of the Finsler manifold (M, F ). By the Euler theorem on positively homogeneous functions we have, [5] :
Hence it results
As we already saw, the vertical bundle is locally spanned by
. . , n and it admits decomposition (1.10). In the sequel, according to [13] , we give another basis on V (T M 0 ), adapted to F ′ Γ , and following [2] , [13] we extend this basis to an adapted basis in T (T M 0 ).
We consider the following vertical vector fields:
where functions t k are defined by the conditions
The above conditions become
so, taking into account also (1.5) and (2.2), we obtain the local expression of functions t k in a local chart (U, (x i , y i )):
we have:
, we obtain the following changing rule for the vector fields (2.3):
By a straightforward calculation, using (2.1), it results:
Proposition 2.1. ( [13] ). The functions {t k }, k = 1, . . . , n defined by (2.5) are satisfying:
Proposition 2.2. ([13]
). The following relations hold:
for all i, j = 1, n.
By conditions (2.4), the vector fields 8) since the local coordinate y n is nonzero everywhere. We also proved that, [13] : More clearly, let U , ( x i 1 , y i 1 ) , U, (x i , y i ) be two local charts which domains overlap, where y k and y n are nonzero functions (in every local charts on T M 0 there is at least one nonzero coordinate function y i ).
The adapted basis in U is
In U ∩ U we have relations (2.6) and (2.8), hence
,
We can see that the above relations also imply
By a straightforward calculation we have that the changing matrix of basis
Also, we can denote
where rank E i a = n − 1 and E i a y j g ij = 0. Now, using the natural almost complex structure J on T (T M 0 ), the new local vector field frame in
where
Since the vertical Liouville vector field Γ is orthogonal to the level hypersurfaces of the fundamental function F , the vector fields 
(2.10)
Remark 2.1. In computation we shall replace the local basis ∂ ∂y a , a = 1, . . . , n − 1 by the system ∂ ∂y i , i = 1, . . . , n taking into account relation (2.8) for some easier calculations.
Subfoliations in the tangent manifold of a Finsler space
In this section, following [9] , we briefly recall the notion of a (q 1 , q 2 )-codimensional subfoliation on a manifold and we identify a (n, 2n − 1)-codimensional subfoliation (F V , F Γ ) on the tangent manifold T M 0 of a Finsler space (M, F ), where F V is the vertical foliation and F Γ is the line foliation spanned by the vertical Liouville vector field Γ. Firstly we make a general approach about basic connections on the normal bundles related to this subfoliation and next a triple of adapted basic connections with respect to this subfoliation is given. Definition 3.1. Let M be a n-dimensional manifold and T M its tangent bundle. A (q 1 , q 2 )-codimensional subfoliation on M is a couple (F 1 , F 2 ) of integrable subbundles F k of T M of dimension n − q k , k = 1, 2 and F 2 being at the same time a subbundle of F 1 .
For a subfoliation (F 1 , F 2 ), its normal bundle is defined as Q(F 1 , F 2 ) = QF 21 ⊕ QF 1 , where QF 21 is the quotient bundle F 1 /F 2 and QF 1 is the usual normal bundle of F 1 . So, an exact sequence of vector bundles
appears in a canonical way. Also if we consider the canonical exact sequence associated to the foliation given by an integrable subbundle F , namely
then we recall that a connection ∇ : Γ(T M ) × Γ(QF ) → Γ(QF ) on the normal bundle QF is said to be basic if
Similarly, for a (q 1 , q 2 )-subfoliation (F 1 , F 2 ) we can consider the following exact sequence of vector bundles
and according to [9] a connection ∇ on QF 21 is said to be basic with respect to the subfoliation (
Taking into account the discussion from the previous section, for a n-dimensional Finsler manifold (M, F ), we have on the 2n-dimensional tangent manifold T M 0 a (n, 2n − 1)-codimensional foliation (F V , F Γ ). We also notice that the metric structure G on T M 0 given by (1.5) is compatible with the subfoliated structure, that is
Let us consider the following exact sequences associated to the subfoliation (
and to foliations F V and F Γ , respectively
the canonical inclusions and projections, respectively.
A triple (
respectively, is called in [9] adapted to the subfoliation (F V , F Γ ).
Our goal is to determine such a triple of connections, adapted to this subfoliation.
Γ is basic if and only if
be a section in the structural bundle of a the line foliation F Γ , so its form is X = aΓ, with a a differentiable function on T M 0 . An arbitrary vertical vector field Z which projects into Z ∈ L ′ Γ is in the form
We have
According to the second relation from (2.7) for any
Conversely, by the second relation from (2.7), in the adapted basis
for any i = 1, . . . , n. Now, if (3.6) is satsfied, then
Hence the condition (3.6) is equivalent with
Moreover, by relation (2.6), it follows that condition (3.6) has geometrical meaning. We obtain the locally characterisation:
Γ is basic if and only if in an adapted local chart the relation (3.6) holds. Now, by (3.2), a connection ∇ 2 on H(T M 0 ) is basic with respect to the vertical foliation
is basic if and only if in an adapted local frame
for any i = 1, . . . , n.
Proof. Obviously, the above condition has geometrical meaning since if ( U , (
If ∇ 2 is a basic connection with respect to the vertical foliation, then by definition it results 
hence the relation (3.7) is verified, since 
We have the following locally characterisation of a basic connection on L ⊥ Γ :
Γ is basic with respect to the line foliation F Γ if and only if in an adapted local frame
Proof. Let ∇ be a basic connection on L ⊥ Γ . Since L ⊥ Γ is locally generated by δ δx i , ∂ ∂y i , the condition (3.8) give us the following relations:
since by homogeneity condition of Finsler structure we have [5] , [6] , [14] :
Conversely, let us consider ∇ :
Thus, we have obtained that the connection ∇ is a basic one.
A triple of adapted basic connections to subfoliation (F
In [4, 5] there are studied several connections on T (T M 0 ) and their relations with the vertical and fundamental Liouville distributions. The Vrânceanu connection ∇ * is locally given with respect to basis
adapted to vertical foliation, by [4] :
The restriction of Vrânceanu connection to T (T M 0 )×H(T M 0 ) is a connection on H(T M 0 ) denoted by ∇ * 1 , which satisfies the conditions from Proposition 3.3, so it is a basic connection on H(T M 0 ) with respect to vertical foliation F V .
On the other hand in [12] there is introduced the Vaisman connection, also called second connection [17, 18] For details concerning the other coefficients see [12] .
Hence we have the basic connection ∇ * 1 on H(T M 0 ) and the basic connection ∇ v on L ′ Γ . Following [9] , we can build now a connection on L ⊥ Γ as follows:
